Elastodynamic Green's functions for a piezoelectric structure represent the electromechanical response due to a steady state point source as either a unit force or a unit charge. with the longitudinal axis are presented.
Introduction
Free vibration analysis of a structure, or alternatively the spectral decomposition of the operator of its governing equation, yields modal data, which can be used to characterize the structural response due to a myriad of forced inputs. Herein, we are concerned with the construction of Green's functions for a laminated circular cylinder based on modal data established by the procedure of Siao et al (1994) . The cylinder under consideration may be composed of any number of uniform thickness piezoelectric layers, where each layer may have its own material properties. The availability of Green's functions will enable methods to be formulated for examining the wave scattering phenomena in such cylinders in the presence of flaws such as cracks and delaminations. It is hoped that useful ideas for structural health monitoring will emerge from this path of investigation.
The free axisymmetric and flexural vibrations of a circular piezoelectric cylinder whose material belongs to crystal class 6mm were first studied by Paul (1962 Paul ( ,1966 . Numerical exploration of his frequency equations in the long wave length regime was first attempted by Raju (1981,1982) by means of asymptotic analysis. Subsequently, Paul and Venkatesan (1987) provided numerical data for a wide range of wave lengths under various combinations of opened and shorted circuit conditions on the two lateral surfaces of a hollow cylinder. Ding et al (1997) and Chen et al (2004) presented analytic solutions for the free vibration of piezoelectric cylinders filled with a compressible fluid, wherein results for a cylinder without fluid were also given. Peddieson (1989, 1991) computed the natural frequencies of propagating waves for infinitely long piezoelectric cylinders using a onedimensional finite element model in the radial direction. Siao et al (1994) , employing the same radial discretization procedure and a semi-analytical finite element formulation, determined 3 spectral data for both propagating waves and edge vibrations in such cylinders. More recently, Hussein and Heyliger (1998) presented a free vibration analysis of laminated piezoelectric cylindrical shells using a semi-analytical discrete-layer model. While the bulk of the literature is concerned with free vibration analyses, some studies on forced response have appeared; see, for example, Ding et al (2003) , who considered the transient axisymmetric plane strain response of a hollow piezoelectric cylinder. For additional references on topics related to piezoelectric structures, see Dökmeci (1980 Dökmeci ( , 1989 whose surveys elaborate on a wide range of subjects, including many on finite element calculations. Siao et al (1994) presented a method for determining the eigendata for a circular laminated piezoelectric cylinder. Such data consist of a finite basis of propagating waves and edge vibrations, as contrasted with an infinity of these eigenmodes had an analytical solution procedure been used. Nevertheless, such numerical eigendata can be made as accurate as necessary by appropriate discretization of the thickness profile. Since one-dimensional elements are used, the computational cost associated with a very fine model is modest vis-a-vis models based on multi-dimensional interpolations. Herein, we utilize this method to establish the eigendata for construction of an elastodynamic steady-state Green function for such a cylinder. This construction is based on a modal representation of a singular source term. Examples of such Green's functions for two-dimensional laminated anisotropic plates and laminated anisotropic circular cylinders were given by Zhu et al (1995) and Zhuang et al (1999) , respectively. Green's function is essential to quantitative non-destructive evaluations of crack sizes and locations, delaminations, and other flaws in a structure. They are used to describe the loading conditions on the flaws and they comprise the kernels in boundary element analyses.
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This approach is attractive because of the relative ease in forming boundary integral in the presence of crack-tip singularity; see, for example, Zhu et al (1995) .
In the next section, the dependent variables are summarized and a non-dimensionalization is invoked. Then, the governing equations of motion and boundary conditions are given and two eigenproblems are discussed. Next, a steady-state solution for a time harmonic forced input is given by means of a Fourier transform. Based on this solution, an elastodynamic Green's function for the laminated piezoelectric cylinder can be constructed. Examples of Green's functions are given for a homogeneous PZT-4 cylinder and for a two-layer cylinder of same material but with their crystallographic axes oriented at 30 o ± with the generator.
Preliminaries
Consider an infinitely long laminated piezoelectric circular cylinder as shown in Figure 1 where cylindrical coordinates (r, , z) have been adopted. , ,
For a given cylindrical lamina, the piezoelectric constitutive relation in terms of the concatenated variables is given by * = Q C q where 
With these parameters, time t and electric potential take the non-dimensional forms
All of the other variables are rendered dimensionless by
Lastly, the normalized charge e and body force density component 
This non-dimensionalization scheme yields all dimensionless equations in the same form as their dimensional counterparts.
Governing Equation and Boundary Conditions
The equations of motion in Siao et al (1994) are based on a semi-analytical finite element formulation, where the discretization of the laminated cylinder takes the form of a series of threenode cylindrical laminas, each capable of having its own piezoelectric properties and thickness.
In each three-node element, a quadratic interpolation field is used radially but the axial, circumferential and time dependencies are left undetermined at the outset. Hamilton's principle with Tiersten's (1969) electric enthalpy as the energy functional was used to derive the following matrix equations of motion.
..
where V is an ordered set of nodal variables for all of the nodes in the finite element model of the cylinder. The stiffness and consistent mass matrices, i 's K and, M can be found in Siao et al (1994) , where 1 4, 5 , K K K and 6 K are symmetric, while 2 K and 3 K are antisymmetric. The consistent load F is obtained by integrating the product of the radial interpolation functions and the mechanical loads and electric charge over the radial profile of the cylinder.
where f contains the components of the mechanical load and e is the charge density.
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Homogeneous boundary conditions on the lateral surfaces and end cross-section can be stated as follows. For a hollow cylinder with inside and outside radii, in r and out r , traction-free
The electrical condition may take the form of an opened circuit (surface is uncoated) where the radial electric displacement component r D must vanish or a shorted-circuited condition (a coated lateral surface that is grounded) where the potential (or voltage) vanishes
Free Vibration Analyses
For free vibrations, the solution form is
where " is the circular frequency, ( , ) 
For circumferential periodicity, integer values must be used for circumferential mode number m.
Two eigenproblems can be deduced depending on whether 2 " or m k is chosen as the eigenvalue. 8   2  2  2  1  4  5  6  2  3  2  2  2  3  1  4  5  6 0 -(
This eigenproblem consists of two identical subsystems, so that the eigensolution yields pairs of real 2 " representing the same wave form except with a phase difference of / 2 $ . This eigenproblem, denoted as EVP1, is useful for establishing the frequency spectra for propagating modes.
If m k serves as the eigenvalue with assigned values for 2 " , Eq. (14) takes the form of a second order algebraic eigenproblem. 
This eigenproblem, denoted as EVP2, can be converted to the following first order form
For a non-trivial solution of Eq. (17a), the determinant must vanish. 
The eigendata can be divided into two groups, one for traveling or decaying modes from the origin in the positive z-direction and the other for motions in the opposite direction.
Furthermore, the right and left eigenvectors also satisfy the bi-orthogonality relations 
In view of this partitioning, the orthogonality relations are 
The results by a computer code prepared for this paper were compared with the data of Paul and Venkatesan (1987) as well as from data based on their analytical frequency equation.
Also, comparisons were made with that of Siao et al (1994) using their material data, which should be noted were not normalized by the free permittivity o factor. Accuracies of three and four significant digits in frequencies and wave numbers were seen.
Spectral Plots
Two cylinders are considered herein; both composed of a PZT-4 material, whose properties are given in Berlincourt et al. (1964 
where the four key reference parameters are (1) This information is useful to have in energy conservation calculations in the study of reflected waves at the free end of a semi-infinitely long cylinder subjected to a monochromatic incident wave. It is seen from Figure 3 that there is no difference in the torsional spectra for these two cases. A three-dimensional plot of the frequency spectra for the two layer 30 o ± angle-ply piezoelectric cylinder with opened-opened lateral surface conditions is shown in Figure 4 . The characteristics in this plot are noticeably different to that for the homogeneous cylinder.
Forced Response to a Steady-State Load
Let F in Eq. (9) be a time harmonic load of frequency ". The -dependence of the load and hence the response V can be expressed by Fourier series as ( 
where the coefficient matrices of the differential operators are Hermitian.
A Fourier transform is used here to remove the z-dependence, where the Fourier transform pairs are
The Fourier transform to Eq. (31) yields the algebraic equation. 
Equation ( 
Steady-State Green's Function
For construction of Green's function, consider a unit steady-state concentrated force or charge at a source point in the cross-sectional plane z = 0 at = 0 and some radial distance r 0 .
For convenience of discussion, let r 0 coincide with a nodal surface. In representing this concentrated source load in Eq. (9), F( , z) takes the form
where &(•) is the Dirac delta function. The vector F 0 is used to define the location and type of the unit point source, i.e., a unit force or a unit charge. Thus, F 0 will contain zero entries throughout except at nodal surface r = r 0 , where either a load with components (-r , -, -z ) or a unit charge -q = 1 is prescribed 
Numerical Examples
The precision of Green's function is tied to the number of terms used in the double series representation. Each series entails its own issues, and they were discussed in Zhuang et al (1999) for a mechanical cylinder. Their conclusions will be seen to apply here equally well from the discussion of our numerical examples.
In the representation of a point load, in the circumferential direction by a uniform pulse over a short arc length, Zhuang et al (1999) gave a plot showing the number of modes versus pulse width for accuracies from 90% to 99%. This plot serves as guidance for a unit charge since it is merely another point source. Even though a relatively large number of terms are needed for representing a uniform pulse over a short circumferential distance, Zhuang et al (1999) demonstrated that substantially fewer terms were required for comparable accuracy of the stresses and displacements. The following examples, using the same two cylinders for which spectral plots were given in Section 4, will show the same convergence rates. In both examples, a normalized steady-state frequency of " = 1.5 was used.
Homogeneous PZT-4 Cylinder
In this example, both opened-opened and shorted-shorted circuit surface conditions were considered. The unit load requires ring-like circumferential loads to be summed. With regards to this circumferential summation for representation of the force and charge point sources acting on the outer surface of the cylinder, these source terms were approximated by a uniform pulse over a half circumferential width of 0.001 radians. The response was calculated with sum total of circumferential mode numbers of m =10, 20, 40, 60, 80 and 100. As the accuracy is also related to the discretized profile, different size models, i.e., 10, 20, 30, 40, 50 and 60 elements were used. For all circumferential wave numbers, at least 30 elements were observed to be 16 sufficient for good precision of the near-field quantities, which were examined at / 4 $ = and z = h/4. For the specific case of a unit radial point load on the outer surface, the convergence characteristics as a function of number of circumferential modes are shown in Figure 5 (a,b).
With a 30 element model, displacements and potential converged within twenty (20) circumferential modes, and stresses and electric displacement component z D with forty (40) modes. Sums with more than these minimum numbers of modes showed a diminishing return on further accuracy. It is not surprising that more terms are needed for stresses than displacements since stress calculations require differentiation of the kinematic field. In examining the balance between the work of the ring-like source and the energy of the response field, differences of less than 0.01% were observed for all the cases.
Displacement, stress, electric displacement and potential profiles at the near field location of 
Two-Layer PZT-4 Cylinder
In this example, opened-opened lateral surface conditions were assumed. It was again found that for a normalized steady-state frequency of " = 1.5, 30 elements were deemed to be sufficient for good precision of the near-field quantities. The convergence characteristics are shown in Figures 10(a, b) for a unit radial load on the outer surface. Convergence was obtained with essentially the same number of circumferential modes as the homogeneous PZT-4 cylinder.
Profile plots of the displacement, stress, electric displacement and potential at the near field location of ( ,z ) = ($/4, h/4) are shown in Figures 11 and 12 for the set of point loads and point charge.
Conclusions
Steady-state Green functions for a laminated piezoelectric cylinder were constructed where the circumferential behavior was represented by Fourier series and the axial dependence treated by a Fourier transform. Their implementation is based on modal data from the spectral decomposition of the differential operator of the governing equation. Our Green's functions are essentially by a double summation of these data. The convergence and precision of this double summation was discussed for the two cylinders, considering both opened-opened and shortedshorted electric surface conditions. The study of the convergence characteristics revealed the necessary number of elements in the radial discretization as well as the required number of circumferential modes for an acceptable precision of the Green's functions depicting the four different source terms, i.e., mechanical loads and electric charge. The required number of modes in their representations was quite nominal and was far from being exorbitantly large. Thus, Green's functions in these forms should be useful in other applications. 
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